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1. Introduction 

The exact correlation functions of Calogero-Sutherland model has been studied since its 
original discovery of the integrability by Sutherland [H |2[ [31 HI [5J El [7J [8] . However, the 
extension of the calculation of exact correlation functions to arbitrary integer or rational 
interaction parameters has been realized with use of the relations of Jack polynomial 
El EEI1 121 [131 HH [15]. The Calogero-Sutherland model with the spin degrees of 
freedom is also known to be integrable, and its eigenf unctions are written in two ways, 
the Jack polynomials with prescribed symmetry |16l [T7] and Yangian Gelfand-Zetlin 
basis [T8l [19]. With use of the former polynomials and the relations of non- symmetric 
Jack polynomials, the hole propagator [201 12] an d the density correlation function [22J 
has been obtained. On the other hand, the density correlation function and the spin 
correlation function has been obtained with use of the Yangian Gelfand-Zetlin basis and 
the isomorphism to the g^- Jack polynomial [231 121] ■ 

In the previous paper [251 [26], we have demonstrated the way to calculate dynamical 
single-particle Green's functions of the spin Calogero-Sutherland model with the method 
using the Yangian Gelfand-Zetlin basis and isomorphism, the Uglov's method. Using 
this scheme, we have obtained the hole propagator. The entire set of single-particle 
Green's functions is completed by calculating the particle propagator, 

r*u ^_ &N\M^t)^(o,o)\g,N) 

{ ' J " (g,N\g,N) [i) 

with respect to the ground state |g, N) of N particle systems. 

The exact calculation of ([1]) requires the expansion relations of the field annihilation 
operator action on eigenfunctions, that can be derived from those on the Macdonald 
symmetric polynomials. This is why we choose the Uglov's method even though the hole 
propagator of spin Calogero-Sutherland model has been already obtained by another 
method [201 [21] • 

In the present paper, we derive the exact expression of the particle propagator of 
the spin 1/2 Calogero-Sutherland model for the finite-size system and thermodynamic 
limit, and we also examine the characteristic features of the spectral function. In section 

2, we briefly review the fundamental properties of the spin Calogero-Sutherland model 
and the method used in this paper. The details of this section is covered in our previous 
paper [25]. The particle propagator of finite-size system is obtained in section 3, and 
that of the thermodynamic limit in section 4. The detailed calculations of these two 
sections are included in two Appendices. In section 5, the spectral function of the 
particle propagator is drawn in an energy-momentum space. 
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2. Preliminaries 

2.1. Model and Yangian Gelfand-Zetlin basis 

Spin 1/2 Calogero-Sutherland model is defined by the Hamiltonian 

y_ y & | 27T 2 V A(A + P Q 

with the periodic boundary condition, where < Xj < L, A G Z> , and is spin 
exchange operator between two particles. We set particles to be bosons (fermions) for 
odd (even) A. Introducing the variables Zi = exp[27rkcj/Z/], the exact wave function can 
be written by a product of Jastrow-type wave function 

N 

*oAz)=n^ x{N ~ i)/2 n^-^ x (3) 

i=l i<j 

with z — (zi, • ■ ■ , z N ) and the Yangian Gelfand-Zetlin basis & K:0l (z, a) [191 [231 [25]. Here 
k belongs to 



Cn,2 A even or N odd 
C N2 A odd 



with 



C N = {k G Z N \Ki > K i+1 for i G [l,N- 1]} (4) 

£n,2 = e C N \ Vs g z, tJ{«i | Ki = s} < 2} (5) 
£';v,2 = {«|«+i/2 g £ N , 2 } ■ (6) 
The subscript a = (ai, • • • , a^) G W K with 

W K = {a = a N ) G [1,2]^!^ < a i+1 if = 

denotes the spin state of iV particles. When «j = 1(2), we regard the spin of the ith 
particle as l/2(— 1/2). The eigenvalue of S* ot of the state Q Kt a^o,N is given by 

N 

Stot = 5>/ 2 -^)- 

In the following, we set the number of particles N of the ground state to be twice the 
odd (even) number for even (odd) A to avoid the degeneracy of the ground state. 

The particle propagator ([1]) is rewritten by Yangian Gelfand-Zetlin basis and the 
norm defined for them. 

The complete set of the state vectors with N + 1 particles is inserted between the 
two operators in the numerator of the right-hand side of ([1]), and the numerator is 
rewritten in terms of the Yangian Gelfand-Zetlin basis with use of ( Tl5|) . The particle 
propagator ([!)) is written as 



f ^ ^ ((K,a),N + l\(K,a),N + l).(g,N\g,N) 
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Here \(k, a), N+1) is the state vector whose wavefunction is given by $ KjQ ,(^, er^o.AT+i- 
u) Kia and P K<a are given, respectively, by 

/ u) K)a = E n+ i(k) - E N (g) 

N+1 

P K , a = (2tt/L) K i 



(8) 



1=1 

N+1 



E n+1 (k) = (2tt/L) 2 J2( K i + A(iV + 2 — 2i)/2) ; 



i=i 



A" 



^(g) = (27T/L) 2 + X(N + 1- 2i)/2) s 



(9) 
(10) 



i=l 



with k° = (JV/4- l/2,--.,-iV/4 + l/2). 



Uglov mapping 

In Uglov's method [25, 23J, the mapping of Yangian Gelfand-Zetlin basis is introduced 
to calculate the exact dynamical correlation function of spin 1/2 Calogero-Sutherland 
model, by which the eigenf unctions are transformed to polynomials called gl2-Jack 
polynomials Pu (z). The mapping Q : <§> KjC( (z,cr) — > Pr ; (^) with 



^ = ctAT+i-i - 2/t7v + i_i - N + i + K 
with an even integer K has the following properties [ 
(i) The mapping conserves the norm, that is, 

(&,$) N , x = {n(&),n($)} NjX , 

where on both sides of ffl2|) the norms are defined respectively as 



(f,g)N,\ - 



n/&x:]nH)W 



AT, A 



iV! 



' Af 

n 

?=i 



27rizj 

dzj 



(12) 



a), (13) 



A+l 



/(^)^(4-14) 



Here we note that the inner product between the state vectors of spin 1/2 Calogero- 
Sutherland model is related to ($', $) N ,\ by 

(\!/>\ty} = N\L N (<!>', <S>} N ,x (15) 

via * = \J> ,Ar$ and \t>' = *o,at*'- 

(ii) For any symmetric function f(z), 

n(f( Zl , • ■ ■ , z N )§^ a ) = f(zf, • ■ ■ , z N 2 )n($ K , a ). (16) 

(iii) gl2-Jack polynomials are the limit of Macdonald polynomials with P(z;q,t) by 
q = —p, t = —p x ',p — ► 1. 
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2. 3. Mapping of particle propagator 

In replacing the inner product of the state vectors by the norms of the Yangian Gelfand- 
Zetlin basis, the field operators are made to act on the eigenf unctions of excited states, in 
order to deal with the field annihilation operators instead of the field creation operators. 
The matrix element is then transformed to the norms of gl2-Jack polynomials in the same 
manner as the preceding paper. In general, the field annihilation operator of spinless 
particle and that of spin 1/2 particle act on a wave function f({x}) and f({x},{o}), 
respectively, as 

if)(x)f(xi, ■ ■ ■ , x N ) = y/N^^fixx, ■ ■ • , x N - 1} x), (17) 
il) a (x)f(xi,(Tx, - ■ ■ ,x N , o N ) = y/N£ N ~ 1 f(x 1 ,cr 1 ,---,x N - 1 ,o- N - 1 ,x,o-), (18) 

where £ = 1(— 1) for bosons (fermions). In term of ip — \&q jy^^v+i with 

N 

%, N (z) = n z f^-w ^ - Zj ) x+ \ Zi + Zj )\ (19) 

i=l i<j 

the particle propagator is written as 



G+(x t] i v e -^, +1 P„J{ p i-l^MV 



Ll - N + v K,c„^-m {p?'\p^U + ^ ■ {i, iW 

(20) 

with use of the Uglov mapping with K = N/2 + A — 1 in ffTTT) . Pg A \ Z ) is the gki-Jack 
polynomial corresponding to the ground state, and given by n^li z i +1 that results from 
(HO with K = N/2 + X-1, k° = (N/4-1/2, -N/4 + 1/2) and a = (1, 2, • • • , 1, 2). 
The expressions for oj u = u> Kta and P v = P KjQ are obtained as 

N+1 

u v = (tt/L) 2 + A'(iV + 1 - 2t)/2 + of) 2 - E N (g) (21) 

i=l 

and 

JV+l 

P v = -(tt/L) + X'(N + 1 - 2i)/2 + of) (22) 

i=i 

with A' = 2A + 1 by substituting 

Vi = - 2*N+2-i ~ (N + 1) + % + [N/2 + A - 1) (23) 

°? = \ - ®N+2- t (24) 

into © and P). From ([23]) and ([24]), we note that of = l/2(— 1/2) when ^ - 1 is even 
(odd). In terms of of, S* ot is given by 



^tot — 



N 

P 



o 

i=l 
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2-4- Notations of combinatorial quantities 

One of the advantages to use the Uglov mapping lies in the fact that several useful 
formulae are available in the theory of Macdonald polynomials. Those formulae are 
expressed in term of the combinatorial quantities related to the Young diagrams. A 
partition v e is defined as v 6 Cn with un > and can be graphically expressed by 
a Young diagram, and the corresponding Young diagram for a partition v is denoted 
by D(u), in which the number of squares in i-th row is equal to the z'-th element of a 
partition z/,. Each square in Young diagram is specified by two-dimensional coordinate 
with setting upper-left square s = (1,1). See e.g. Fig.2 of [25]. The first (second) 
coordinate of a square s = represents the vertical (horizontal) axis and increases 
from top to bottom (from left to right). Let z/ be the length of jth columns. Four 
functions for each square which measure the lengths between the specified square and 
the edges of the Young diagram are useful to represent formulae specified by partitions, 
a(s), a'(s), l(s), l'(s) for s = as 

a(s) = Vi - j, l(s) =v'j-i 
a'(s)=j-l, Z'(s)=i-1. 



3. Particle propagator in finite size system 

3.1. Combinatorial description of particle propagator 

In this subsection, we reduce ( l20l) to a combinatorial expression. The part ^(0,0)Pi V) 

in the numerator of (120]) is decomposed as the product of two factors, one is from gl 2 - 

(\f\ 

Jack polynomial of N + 1 particles with one of the variables Pi, (z, 1) fixed, and the 
other from the ground state wave function of N + 1 particles and that of N particles 
transformed by the mapping Hili^i ~ l) X+1 ( z i + 1) A - 

The numerator of the summand in ( 1201) is thus transformed to the norm of two 
excited states as 

{p ( g %,mo)p^} N , x 

{N N 
n ^ A+i/2 > n *r A7a (* - !) A+i (^ + 1 wh*. ■ • ■ . i) 
i=l i=l 

= y/w+i£ N jna - ^) A+1 (^. + i) A , p^'Xzi, ■ ■ -,ZN, 1)} . 

I »=i J N,X 

The part HiLi(l — z i) X+1 ( z i + 1) A is expanded by gl2-Jack polynomials using the formula 
in [25] by replacing N — 1 by N as 

N 

n(i-*) A+i (i+*) A = Yi h ^'\ z ) ^ 

s.t. |C 2 M| + |ff 2 M|=| M | 
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with 

J] (a'OO - A'(J'(s) + 1)) 

6 = (_i)H+Si'W!ggWWO (27) 

J] (a(s) + l+A'Z(s)) 

The set A \ S means the complementary set of B in A. Here C 2 {p) and H^iy) are 
subsets of -D(^) defined as 

C 2 (/i) = {s G D(/i)|o'(s) + l\s) = mod2}, (28) 
H 2 {p) = {s G D(fj)\a(s) + l(s) + 1 = mod2}. (29) 

An illustration of C^/i) and H 2 {[j) is given in Fig. 3 of [25] . 

On the other hand, Pv (z\, ■ ■ ■ , zn, 1) in (1231) is expanded by g^-Jack polynomials 

( AM 

P,l (^i, • • • , zat) with N variables with use of the corresponding formula that relates 
the Macdonald polynomial of N + 1 variables (z±, ■ ■ ■ , Zn,x) to that of iV variables 

(zi,---,z N )m\ 

P„(zi,- ■■ ,z N ,x;q,t) = ^ TpvitiQityxM'MP^Zi,- ■ ■ ,z N ;q,t), (30) 

s.t. v I /i:h.s. 

for v G Ajy+i- Here "h.s." stands for "horizontal strip", and "z///i : h.s." means that all 
the columns of v and /i satisfy z/'- — //• = or 1[27]. The expansion coefficients ip VIJ ,(q, t) 
is given by 

V^{q,t) 2L, f^i-ntf-i) flqiH-vi+iti-i) ' 1 j 

/ v O : ?)oo 
/(«) 



(gU ^ )o ° (32) 

9)00 = n^ 1 ~ aqr ">- 

\ r=0 

We express the expansion formula for gl 2 -Jack polynomials as 

Pl x '\z u ■ ■ ■ , z N , 1) = < )p f ^ ■ ■ ■ > *") ( 33 ) 

(AM 

for i/ G £jv+i- The coefficient ^/ for a partition z/ G Ajy +1 is obtained by substituting 



x = 1, and taking the limit g = — p, t = —p x ',p — > 1 on both sides of ( |30|) . For a 

(A') 

partition z/ G Ajv+i, is given by 

- (V) _ TT ( a{s) + 1 + X'ljs) \ n ( a(s) + \'(l(s) + l) \ 
^ "~" 11 i«W-HW ? )-H)i 11 I „Y.«T\ -I- 1 4- \'l(s\ I { ' 



a(s) + X'(l(s) + l)J „ 11 V a(s) + 1 + X'l(s) 

S.t fcGC,y s.t. fcGCy^ 

,(*') 



when /i G A^r and z///i is a horizontal strip. Otherwise ipvpt vanishes. Here C u /^ is the 
set of columns satisfying z/ — jij — in j G [z^v+i? A ]. For z/ G £jv+i and /x G Cn, vvp 



is given by 



(35) 
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From the above formulae, particle propagator is rewritten as 

(T b ^ (V) iP (V) P (V) 1 



2 



t) = - V e ^ t+lP » x ■ V ^.(36) 

L / 1 n rp( A ) p( A )\ 



-JV+1 

s.t.Sf ot =-l/2 
(A') p(A')l 



The norms {1, 1}n,x an d {P/i > Pm }jv,a are given by 

f-l I! - r ( A '' 2 ) /p(V) p(A')\ _ (A',2) ^(V 2 )^ 1 /! 2 ^)) /o 7 A 

The norm {Pj A , Pj A ^}at+i,a for z/ G A^+i is given by 

rp(A') p(A')i _ (A',2) F I/ / (1)Z 1/ (1/(2A / )) 

in ' v jjv+1 - A " CiV+1 r i ;((A' + i)/(2A0)^(i/2)- 

The expressions for c^' 2 ^ and c^/ 2 ^ are given in Eq.(74) in ref. [25]. Ypif) and 
Y"J(r), Z„(r) are defined by 

n(r)s n (39) 



TT /V(s) iV- 1 -l'(s)\ , , 



s&D(v)\C 2 (y) 



w= n (# - + 



(41) 



respectively. Yl(r) appears instead of Y v (r) when 2A' x r is even. 



3. ,2. Particle propagator in terms of variables of elementary excitations 

In the expression ( |20|) . the matrix element is nonzero only for a certain class of the 
excited states v. Taking account of the selection rule, the expression of the particle 
propagator can be reduced so that the elementary excitations become manifest and the 
thermodynamic limit can be easily taken. 

Since the formula fl27|) contains the expansion over partitions, we only consider 
\i E A N C Cn- Furthermore in ( 1271) the sum over \i is restricted to the partitions that 
do not have the square at s = (1, A' + 1), that is, /i have at most A' columns. 

Another restriction on ji is from the relation |C 2 (/z) | + |P^2(/i)| = which can be 
described as the condition that the number of the columns with fi'j — j : even (we have 
referred to the set of these columns as and the number of them as in [25]) is equal 

to A or A + 1[231. 

The condition ipl^ ! ^ imposes on v = (z/ 1; • • • , u N , u^+i) the following restriction: 
^2 < V\ < oo, 

< <Vi< Vi-i < A' for i e [2, N], 

— OO < V N+ i < V N . 

We classify the excited states v satisfying (l4"2"j) into 
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(i) One left-moving quasi-particle state (OL) specified by v with 

v x > v 2 = • ■ ■ = u N+1 = X' 

(ii) One right-moving quasi-particle state (OR) specified by v with 

V2 = ■ ■ ■ = v N = > u N+1 

(iii) The states with one-right-moving quasi-particle, one-left-moving quasi-particle and 
A' quasi-holes with v satisfying 

V\ > X' > l>2 > ■ • • > Vn > > 

(iv) Other states with v satisfying 

v N+1 e [0,A'), or v\ e (0, A']. 

The states (iv) does not contribute to the thermodynamic limit and we do not consider 
them. The contributions from (i) (ii) and (iii) to the particle propagator are denoted, 
respectively, by G 0L , G 0R and G +l , the expressions of which are derived in the following 
subsections. 

3.3. Derivation of G 0L and G m 

First, we derive the expression for G 0L for contribution from one- left-moving 
quasiparticle state (OL) 

N 

v = (v l ,X r ^~X). (42) 
We consider the energy spectrum. From and (|9"1), we obtain 



E N+1 KL 



) (v 1 + \>(N-l)/2 + *»f 

2 N+1 

+ (I) ^(A'(iY + 3-2.)/2 + ( Tf) 2 . (43) 



By definition of o~f, the spin variables in OL states are given by 

of = -1/2, for even i e [2, N + 1] (44) 
of = 1/2, for odd i e [2, N + 1). (45) 

The second term of the right-hand side of (|4"3"|) coincides with the energy of the ground 

state, 



2 N 



E N (g) = (I) Yl ( 2 ^'.o + A ((^ + !) - 2z ')) 2 > (46) 



with 



«ai'-i,o = = {N/2 - i')/2, i' G [1, N/2], (47) 
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i.e. the summand in f)43p for i coincides with the summand in (1461) for %' = N + 2 — i. 
Now we introduce the notations r L = a\ and p L = p L + X'(N + l)/2 with p L = v x — A'. 
We thus obtain 

E N+1 - E N (g) = (j)\h + r L ) 2 . (48) 

Similarly, we obtain the expression for momentum for 0L states as 

P = ~ (j ) (PL + r L ) . (49) 

The 0L states relevant to (}36l) have the total spin Sl ot = —1/2, from which and 
we set r L = -1/2. 

Next we consider the matrix element in ( l36l) . We show that for v being a (0L) 
state, the expression ( 1361) reduces to 

l4 A ' 2) \- „-i^+iP^ ^'(1/2 + 7)^(1/2) 



G+(x,t) -> G 0L (x,t) 



L (A',2) e " V'(l) Z,( 7 ) ' 

c v+i !/eoL " w 

s.t. r L =-l/2 

(50) 



with 7 = 1/(2A'). 



A' 



For v = fa, A', • • • , A'), the only p £ A N such that 17 /i is horizontal strip is 

N 

/i = (Av^n (51) 

For those z/ and p, C u /^ = and hence ip u ^ = 1- The expansion coefficient & M 
in (T27D for (J5U) is (-l) Ar ( A + 1 ) = 1 because the coefficient of ]TjIi z*' in the left-hand 
side of ( 126]) is (— 1) 7V ( A+1 ) and the monomial n^li m ^ ne right-hand side comes only 
from PA" ; with // ([51]) • Further, /i flEE} is a Galilean shifted partition of (0, • • • , 0) and 

f fAM fAMl /"AM 

thus < PA , PA f = C N . From the above consideration, we arrive at ( 1501) . The 

I J iV,A 

remaining task is the evaluation of the factor Yv<y t[JX 1 ^ Z ^VV , which comes from the 
norm of (OR) state {P u , P U } N+1 x and can be evaluated through v ~ yi ^ ^""^^ with 

i/_ = fa - A', 0, • ■ ■ , 0) = (p L , 0, • ■ ■ , 0). In v- = fa - A', 0, ■ ■ • , 0) = fa, 0, ■ • • , 0), 
l'(s) = and hence s G C v __/ /J (z/_) is (1, j) for even j. Maximum value of j is pl — 1- 
Yl_ (r) is expressed as 

PL-l 

K» = II (7(j"l) + r + (iV-l)/2) 

J6{2,4,-} 

1 ; r(l/2 + A'(r+(JV-l)/2)) ' 1 ; 

The cells s G H^fa) U D(vJ) are parameterized as 

s = (l,j), with j = 2,4, •••,p L -l 
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With use of this, we obtain 

^_(r) = (A')-^- 1)/2 



From (152!) and (I53j). it follows that 

^(1/2 + 7)3,(1/2) 
Yl(l) z„( 7 ) ' 



r(p L /2 + AV) 
r(l/2 + A'r) ' 



r((l + (jV + l)AQ/2) 

= r(i + jvA'/2)r((i + ao/2) 
x r(( PL + i + yiv)/2))r((p L + A0/2)) 
r( PL + A'(iv + i))/2)r(p L + i)/2) ' 



From this and (|50|) . we obtain 
G oh (x } t) 

Km 



exp 

p L =l,3,5,-- 



l\ / 7TX 



with 



_p(0L) 



r((p L + l + AW)/2))r((p L + AQ/2)) 

r( PL + A'(iv + i))/2)r(p L + i)/2) 

r((p L -p R ,o + i)/2))r(p L -p L , )/2) 
r ((p L - Pr,o + ao/2) r (p L - p Li0 + 1 - AO/2) 



and 



Km = 4^ r((i + (iy + i)AQ/2) 

c ^)r(i + iVAV2)r((i + A0/2) • 

In f l56|) . we introduce the notations 

p L ,o = -PR,o = A'(iV-l)/2, 

for convenience. 

The contribution from one-right-moving quasi-particle states (OR) can be 
in a similar way. The (OR) states are specified by 

N 

u= (0~--,0,u N+1 ), 

the spin and the energy spectrum of which are given by 

af = -1/2, for odd i e [1, N - 1] 
a? = 1/2, for even i e [2, N] 



and 



= E N+1 - E N (g) = (p R + r R ) 



P = -^(Pr + t-r) 
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with 

X\N + l) p 

PR = VN+1 ^ ' TR = a N+V ( 63 ) 

From the condition 5** ot = —1/2, (159]) and fl60l . the spin of the right- moving quasi- 
particle is fixed to be tr = —1/2 and hence v N+ i is taken to be even. We 
consider ^v~v N+l ,n-v N+1 instead of ( A ') because v is not a partition. For v — un+i = 

N 



(— ^iv+ij • • ■ , — ^iv+i) 0), the only /i such that < ^ < X' for % G [l,iV] and 

AT 

- z^at+i)/ (p - ^at+i) is a horizontal strip is /i = 0^ = (0~^To). C (l ,_ 1 , JV+1 )/( At _ J/JV+1 ) is 
thus and i^lu-v^ i)/(p-v N i) = 1- Consequently, for v being a (OR) state, the expression 
f l36|) reduces to 

r+C-r Pi r^iV P» = 1 ' 2) V ^-i^t+iP^ Y l( 1 / 2 + l) Z v {l/2) 
u [x,t)^u { x,t)- 2^ e ■ F /(i) z (7) • 

C N+1 ueOL v w vwy 

s.t.o-P +1 =-l/2 

(64) 

For z/ — z/jv+i = (— i/jv+i, • • • , —vn+i, 0), Yl(r) and Z£(r) are written, respectively, by 

-^jv+i~1 / v 



KW= II II 7(j-l)+r + ^ 



j=l,3,- V=2,4, 
-^N+l / iV-1 

X 

3=2,4,- \i=l,3, 



II ( II (7(i-l)+r+^) ) (65) 



and 



Z»(r)= J] J] ( 7 (-^ + i-i)+r + — -J 

j=l,3, -- \i=2,4,- ^ ' 
—VN+i f N—l , 

x n n n(-"N+i-])+r+ 

3=2,4,- \i=l,3,- ^ 

ff'YlI (70--l) + r + ^) 

-1 'j ... \ i ^ ... \ / 



2 



n ( II (T(i'-l)+^ + V)|- (66) 



j'=l,3,- V=l,3,- 
-^jv+i / N 

X 

3'=2,4,- V=2,4, 

In the second equality of fl66|) . we have changed the dummy variables from j to 

y = -vn+i + 1 - j- 

From (|65|) . we obtain 

-^jv+i-l / AT-1 



K(r + l/2)= II II 7(/-l) + r + ^ 

3'=1,3,- \i=l,3,~ ^ ' . 

-wjv+i / AT-2 / », a \ 

x II II W-lHr + VM ■ (67) 
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Dividing (1571) by (1551) . we obtain 

+ 1/2) _ -g" 1 7 (j - 1) + r + N/2 



Zu{r) 7(j"l)+r 

T ((-^+i + 1 + A / iV)/2 + AV) r (1/2 + AV) 
r ((-z/jv+i + l)/2 + AV) r ((1 + A'JV)/2 + AV) ' 

from which 

^(1/2 + 7)5,(1/2) 
Yl(l) Z„( 7 ) 

r((l + (AT+l)A')/2) 



(6* 



x 



r(i + iVA'/2)r((i + ao/2) 

r ((-^+i + 2 + A'AQ/2)) r ((-u N+1 + 1 + AQ/2)) 
T (-u N+1 + 1 + X'(N + l))/2) r (-^ +1 + 2)/2) 



(69) 



follows.® From this, (15T1) . (162|) . (15^1) and the second equality of (J57|) . we arrive at 
G 0R (x,t) 



i/ JV+1 =-2-4,-6,- 



7T\ 2 /~ 1A 2 . /7TX\ / 1 



_p(0R) 
(70) 



with 



F ( R) = r ((-u N+1 + 2 + A'AQ/2)) T ((-u N+1 + 1 + AQ/2)) 
T(-u N+1 + l + X'(N + l))/2)T(-u N+1 + 2)/2) ' 
r ((p L ,o -Pr + 2)/2)) r (pr, - p R + l)/2) 

r ((p L ,o - pr + A' + 1)/2) r (p Ri0 - pr + 2 - ao/2) • 

5.^. Derivation of G +1 



First we decompose the excitation energy uj v ( 121j) into the terms with z = 1, N + 1 and 
others. The former has been considered in the previous subsection. Accordingly, u„ is 
rewritten as 

Q v = (7r/L) 2 {(p L + r L ) 2 + (p R + r R ) 2 } + Q' v (71) 

with 

^ / X//A7" , O-N \ 2 



E "< + 9 L + °f) -^(g). (72) 



i=2 

Introducing a partition C — (Gj ' * * > Cat) G A^t as 

Ci = fm, ie[l,iV], (73) 
the energy (J72|) becomes 

/ / ,7r \ 2 \^^ A'(A^-l-20 



i=2 



E U<+ — V — +°k < 74 > 
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The first term in the right-hand side coincides with (B.2) in 
Hi and of +1 by 3/2 — a^-i- Further the relation 



when we replace Q by 



a 



i+1 



-1/2 (i,Q)eC 2 (0 
1/2 (i,(i)eD(()\C 2 (0 



coincides with (B.4) in [25] under the same replacement. Therefore we can rewrite (1741) 
following the argument of Appendix B in [25J. For j e [1, A'], let £j be the length of jth 
each column in D(() and o~j be "spin variables" defined by 

1/2, Q — j is odd 
"V 2 , Q-j is even. 

Furthermore, we introduce the renormalized momentum 

iV - I A I - J 



(75) 



= C' 



1 A' + 1 



A' 



bJ 2 2A 
In terms of (1751) and (1751) . is rewritten as 

from which 



(A 



/\2 



7T\ 2 



(A 



/\2 



J=L,R j=l 

follows. Similarly, the total momentum is rewritten as 



(76) 



(77) 



(78) 



7T 

L 



A' 



(79) 



£ fa + r *) + £ ft + ^) 

J=L,R j'=l 
>(A') p(A')- 

(Pl, Tl, Pr, Tr, Ci, °i> ' " > Cv, <Tv) of elementary excitations. The derivation of the norm 
is given in 



The norm {Pj ,Po }jv+i,a can be expressed in terms of rapidities and spins 



Appendix A.l 



v can be decomposed into A' quasi-holes and two quasi-particles. Definition of spin 
for quasi-hole is identical to that for /i, substituting v'- instead of p'. When v\ > A' 
or un+i < 0, quasi-particles also have momenta and spins by the following rules with 
variables Pl = ^i — A' and pr = — vn+i- 



Tr 



+1/2 (p R :odd) 
-1/2 (p R : even) 



+ 1/2 (p L : even) 
-1/2 (p L :odd) 

Since z component of the total spin is described by spin variables of quasi-holes Oj and 
quasi-particles t^r, the condition for v that the total spin of the state v is —1/2 is 
rewritten as 

A' 

£ U 3 + tl + tr 



°tot 



n,j - 



A' 
~2 



Tl + Tr 



1 

2' 



JO) 
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where n u is the number of quasi- holes with spin +1/2 for the state v. 

We thus obtain particle propagator for finite system in terms of rapidities of quasi- 
holes and quasi-particles pl,Pr,Cj, an d spins of them tl, tr and Oj. We introduce the 
auxiliary quantities Co — N — 1, Ca'+i = 0, a = 1/2, oy+1 = —1/2. In the exact 
expression for G + , matrix element is composed by two parts, L u which is the part 
independent on the sum about \i and M v which is the part dependent on it. 

G + {x,t)= L v Mle- iQ " WlP " x (81) 



with 



lcj' 2) Kj(l/2 + 7)^(1/2) / X, n(l/2^ 2 



L c %_$ Yl(l) Z v {i) U*(l/2) YAl) 



(82) 



{ ' ^ 3,(1/2) y M (7) Up(V2) ^(7) J ' 

s.t. v//x:h.s. 

|Cb00|+|fl- a (/0l=M 

(83) 

Here X M = (-l)^HC 2 (M)lY^(_jV/2) and z> is defined as the partition P = (z/ x - 
Phi v ii • ■ • , vn, ^n+i + Pr)- The details of the calculation of (182"]) and (1831 are written 
in 



Appendix A The result is described by renormalized momenta and spins of quasi- 



particles and quasi-holes, as 

< j=Cj _^I + ^±izi (84) 

X'(N + 1) . . 

Pl = Pl + (85) 

PR = "PR g ' ( 86 ) 

The explicit expression for G +1 (x,t) is given by 

G+\x,t)= ^^ +T ^ 1/2 L u Mle-^ t+ip ^ (87) 

uec N+1 

T i r(i) x% y g (i/2) 2 y/(i/2 + 7 ) 



><n 

i=i 



Lr(A+l)Z p (l/2)Z„( 7 ) F,(7) 2 Y1{1) 
V ' 6 - Cv+i \ 1_ ^ T /PL + A'O + (A' - l)/2\ X ~ 5 ^ 



- Ca'+i + 1 - l/AV Vp L + A'O - (A' - l)/2 



x 



x ( Co -6 V gjT / pr + A-Q-(A-1)/2 \ 1 ^ 
VCo - + 1 - 1/A7 Vpr + A'O + (A' - 1)12) 

r(i + ^iv) 2 )r(^(iv + 2)) 

r(i + ¥(iv + i)) 3 
r [p L - p R ,o + A' + £ TL , T )/2] r [(a - p L , + £ TL , T )/2] 

r [p L - pro + 1 + S TU )/2] r [(p L - p Li0 + 1 - A' + <5 TL , T )/2] 
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r [(p L ,o - pr + A' + 1 - 5 TR , T )/2] r [(p Ri0 - pr + 1 - 5 m , T )/2] 



with 



and 



x 



T [(p L ,o - PR + 2 - 5 m , T )/2] T [(p Ri0 — Pr + 2 — A' — 5 m , T )/2] 



x r [(p L - p R + 2 - A / - S TL , T J/2] r [(pl - pr + 1 + 6^/2] 

r[(p L -p R + i-5 TL , TR )/2] r[(p L -p R + A' + 5 TL)TR )/2]' 1 J 



n r[(Q-Cv + i + 2-^, T )/2] 
V M iWAO (89) 

n(r)=n r F ^ + iV / 2 + ^- 1 )/ A/ + -] - (90) 
^(r) = n f r[jV / 2 + ( ^ 1)/A/ + - ] , (91) 

A' 

Z*(r) = T [r + 1/2]-* ;Qr[(0 - CV + i + 1 - 1/A' + <WJ/2 + r] 

j'=i 

x TT r [(0-4 + l-l/A--^-,.J/2 + r] 

' i</<L r[(o-4 + ^J/2 + r] 



M v = \{ 

3=1 



V \,-c,,v.: • 1 LAV ■ 



Cj - Cy+i 

T / PL + A Co + ( 1 — A )/Z \ 



/p L + A'G + (l-A')/2\ 
^ 11 Vpl + A'O- (1-^/2^ 



s.t.i///u:h.s. 
n M =A,A+l, jUi<A' 

/ -p- R -yQ + (l-AQ/2 \ 
f,H-PR-A'0-(l-A')/2y' 



x 



x 



n 

j<k 

j&J,kei 



x 



j<k 
jei,keJ 



2A' 2 



n y+^rwr*- 



4. Thermodynamic Limit 

The thermodynamic limit of the two parts, 2 quasi-particles and A' quasi-holes state 
and 1 quasi-particles state, must be taken separately. To take the thermodynamic 
limit of two quasi-particle part, the thermodynamic limit of M cannot be taken 
straightforwardly, for the reason that the first several highest orders from M v are 
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cancelled through the sum over //. The leading terms from M are of the order j\M A+1 ). 
The proof is shown below. 

The columns with Q — /i^- = (j G [1, A']) are labelled by I, and the other columns 
are labelled by J. New variables ej = l(j G J), — l(j G /) are introduced. With these 
variables, M v is rewritten as 

- U 



M 



n 



j<k 

j,fc6P„orQ„ 



e n% n 

M6A]v j:odd j<A: 

s.t.i^//i:h.s. i,fceP,jOr<3,, 
n M =A,A+l, /ii<A' 



- 



/ 



X 



n 



A 1 + ej 
A 7 2 



2 V A' 2 



A 1 - ej 



/ 



PR 



* -I 
5J 2 



A'y / / 



><n 



1 e,- - e fc \ J 



1 + 



2A' 



V 



Cj - Cfc 



(94) 



/ 



Since always appears together with N' 1 as ej/N, expansion with respect to N" 1 is 
equivalent to that with Cj . Except for the first row in the right-hand side of (1941) , which 
is independent of /x, M has the following form: 

W (95) 



/iGAjv j<k j.odd 

s.t.f//i:h.s. 
n fl =A,A+l, /xi<A' 



Here o^ 1 is defined as 1/2 (-1/2) when jjil- — j is odd (even). Then the problem reduces 
to finding the set S satisfying 

J2U^- u ^Ii e ^°- ( 96 ) 

n j<k jes 
These sets of S are given by 

{S C [1, A'] | %{S n odd} = %{S n even}}. (97) 

This relation is proved in Appendix B[ For the term proportional to EljeQ e j i n the 
expansion (1 + A\&\ +•••), Q is related to S as 

ri e iH e s = ii e i> w 

j:odd jeQ j&S 

and Q is equivalent to the set Qs in (IB. 1 2[) . Thus the set of Q that contribute to M in 
the highest order is given by 

Wc[l,A']||{Q} = A + l}. (99) 
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For the Q satisfying ([22}, the coefficients of YljeQ e i m + ^ iei + ' ' ') * s given by 



(l\ x+1 w- l T\—w 



(100) 



with 



j<k 

A' 

><n 



o-c. 



X 



X' +Cj + 2 



1 /Pr ; 1 
y + C ' + 2 



1 

A 7 
1 



-2A(1-<5 CT rL ) 



-2A(1-<5 CTjTr ) 



(101) 



The energy and momentum for v in the thermodynamic limit is given by 
u u = E n+ i(k) - E N (g) 



X' ( — 



X'(wf + wl) - 



W: 



7T 



A'(wi + w 2 ) + 



i=i 



To take the thermodynamic limit, the sum over \x is replaced by integrals about 
momenta of quasi-holes and quasi-particles and the sums over spins of them. 



— Y 
>i z - 



A' 2 I - 



A' 

><n 



2A+3 



E 



dwi 



E 



-1 



dw? 



dw, 



u j+1 



5 



^o-j+TL+m -1/2- 



(102) 



Particle propagator in the thermodynamic limit is written as the sum of two parts, 
one has two quasi-particles and A' quasi-holes moving each area in the dispersion, the 
other has one quasi-particle moving left-side of left Fermi point or right-side of right 
Fermi point with A' quasi-holes residing at same Fermi point, 

G + {x,t) = G +0 {x,t) + G +1 {x,t). (103) 

For one quasi-particle excitation state, iA — fi'j can take only for right-moving quasi- 
particle, and 1 for left-moving one, and thus one quasi-particle states must be separated 
from two quasi-particles states. Each term for the above two situations is given as 
follows: 



G +0 (x,t) = C V 



dw 



w — 1 



w + 1 



exp 



— i 



I X ,2 wH 



2 J 



X cos 



—A wx 
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/oo p — 1 A' 

TL,m - J -°° j=i 

X S J2^+r L +r R ,-l/2F{u,w)e 



Uj-i 



d Uj 



(104) 



X'd 



C 



1 2 2 ^d 1 



a* r(A + i)ii r(i/A') 



n 



r((A + i)/A') 



(105) 



\-2A/A' 



j<fc 

n -^n^Y 



(u>i-u> 2 ) 5 
^_^|(QnQ I/ nodd)u(QnQ I/ nodd)| 



Qe[i,A'] 

s.t. |Q|=A+1 



j<k _ 

j,keQ(Q) 



w a = H(u k - Ujf- 8 '^ H( W1 ~ Uj )- 2 ^- s ^\ Uj - W2 ) 



-2X(l-S ajTR ) 



(106) 
(107) 



j<k j=\ 

5. Spectral Function 

Fourier transformation of single particle Green's function gives a spectral function of spin 
1/2 Calogero-Sutherland model. The knowledge about the analytical representation of 
of the thermodynamic limit of particle propagator together with hole propagator lead to 
a spectral function in whole range of an energy-momentum space. The spectral function 
in lower half plane of an energy momentum plane is deduced from hole propagator with 
reversed position and time 

(g,JV|v-;(o,o)Vj(i,()|g,iv> 



dx 



dt e K^)t-iPx_ 



(g,N\g,N) 



-,(108) 



and that in upper half plane is from particle propagator 

i poo poo 

A+(p,e) = — dx dte iie -^- iPx G + (x,t). (109) 

There are four power-law divergent lines about the intensity of the spectral function 
inside the support on the upper-half plane. From the elementary excitation point of view, 
each line can be interpreted as the excitation of single quasi-particle out of the Fermi 
surface with the other elementary excitations fixed at the two Fermi points. Besides 
the internal lines, the boundaries of the support of the upper-half plane have the delta 
function shaped divergent raised from G 0L and G 0R . 0L and OR states are distinguished 
from the internal divergent states regarding the distribution of quasi-holes at Fermi 
points. 
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(g) (hj 

Figure 1. Spectral function of spin 1/2 Calogero-Sutherland model for A = 1. The 
upper-half of an energy-momentum plane corresponds to the spectral function of the 
particle propagator, and the excitation of 3 quasi-holes and 2 quasi-particles exhaust 
the whole range of the support in the upper-half plane. 

All the divergent lines in the upper-half plane are continuously connected to those 
in the lower-half lines, for the two of eight single quasi-particle excitation states lines 
in the upper-half plane with no corresponding lines in the lower-half plane have no 
singularities about the intensity. The support at low energy has the characteristics of 
the Tomonaga-Luttinger liquid. 

6. Conclusion 

We calculated the particle propagator of the spin Calogero-Sutherland model for the 
finite-size system and the thermodynamic limit with use of the Uglov's method. 

The spectral function of single-particle Green's function of spin Calogero- 
Sutherland model in the whole range of the energy-momentum space were obtained. 
Each divergent line connects continuously between upper and lower-half of the energy 
momentum space. The interpretation of these intensity divergent states were given with 
respect to the elementary excitations. 
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A'(= 2A + 1) 



PL 



II 



III 



V 



Figure Al. Decomposition of the Young diagram. 
Appendix A. Details of the Finite Size Representation 

In this section we derive the finite-size representation of the matrix element. The terms 
peculiar to the particle propagator are if>ip and the norm of v in ( 1361) . In calculating 
the norm of u, it is sufficient to obtain the difference from z>, the quasi-hole part of v. 
To calculate them systematically, the Young diagram is decomposed into five parts as 
shown in Fig lAll 



Appendix A.l. the norm of v 
For the later convenience, we set 

v = (A', v%, ■ • • , vn-, 0) = (A', &,•■■» Civ-i, 0) E Ajv+i 
and decompose the norm {Pj A , Pj A ^}n+i,\ as 

{Pi A Vi V) Wl,A 

with 



{pP,pP} n+1 , x xM v p 



rn(A') p (A')i 
rp(A') p (\'h 

First we consider {P~ , P~ }iv+i,A 3 which is given by 

4?i ) ^(l)^(l/(2A0) 
^((A' + l)/(2A'))^(l/2)- 

Zp(r) is decoupled into the contribution from the first row in D(0) and other rows. In 
the first row, a(s) = A' — j and l(s) = Q and hence s G H 2 (i') in the first row is given 



(A.l) 



Particle propagator 22 
by s = (1, j) with <x,- = — 1/2 . We thus obtain 

»=(ij)efl- a (p) v 7 i=i v 

The contribution from the other rows is given by Z^(r) with ( = (d, - ■ ■ , Cat) £ We 
obtain 

3*0 = Z C (0 fl ( 6 ~ 6,+1 - 1/A/ + r) S(aj ' l) . (A.3) 

The explicit expression for Z^(r) is available in (96) in [25] with replacement of fi'j by 
Consequently, we obtain (192]) . 

y p '(r), on the other hand, is decoupled into the product of the contribution from 
the squares s = + 1, j) at the bottom of each column and the remaining squares. 
When s = (Q + 1, j) € -D(^) \ C 2 (u), a i = -1/2 and we obtain 

n m+^i^+r 



=(C<+ij)eD(i>)\c 2 (i>) 



^(M^f" (A.4) 

The remaining contribution to Y~(r) is given by Y^(r) and as a result, Y~(r) is written 
as 

v ft -f - 1 /V \ * (<Ti4) 

n(r) - *?(*•) II 2 H ■ ( A - 5 ) 

3=1 V 7 

The expression for Y^(r) has been derived in [26] as 

l?(r) = fl r T[N,2 + (j-l),X> + r] 

From ([Oil and ([Oil , we obtain (1511) 

The norm {P~ A \ P~ A ^}at+i,a is explicitly given by 

1 T[(iV + 2-2/A')/2+j/A'] 



x 



(T [^])*'r[(iV + l-l/A')/2 + j/A'] 

rKCo-g + i + ^/g] 

r[(Co-0 + 2-l/A' + ^, CTO )/2] 

r [(0 - 4 + 1 - ^,.J/2] r [fe - 4 + 1 + <W/ 2 ] 



X J3 r - 4 + 2 - i/A' - s w )/2] r [(o - 4 + i/A' + ^J/2] 



(A.7) 
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The expression J\T v fi is written as 



rp(A') p (\'h 
|£V+ , fu+ JN+1,X 

rp(A') p (V)\ 



with 



^+ = (vi + PR, ■ ■ • , vn+i + Pr) 

= (A' + p L + PR, Ci + PR, • • • , Cn-i + PR, 0) G Atv+i (A.8) 



and 



v+ = {v-i + pr, • • • , ^jv+i + p R ) 

= (A' + Pr, Ci + PR, ■ • • , Cn-i + Pr, Pr) G Ajv+i- (A. 9) 

Let A/L.,£< be decoupled into the following five parts: 
(I) the contribution J\f^ from s = with j G [1,Pr]- 

(II) the contribution AA 11 -* from s = (l,j) with j G [pr + 1, Pr + A']. 

(III) the contribution A/" (m) from s = (1, j) with j G [A' + p R + l,A' + p L + Pr]. 

(IV) the contribution A/" (IV) from s = with % G [2, AT + 1] and j G [1, p R ]. 

(V) the contribution 7V (V) from s = with z G [2, ([ + 1] and j G [p R + 1, p R + A']. 
See also Fig. [ATI 

The contribution J\f^ comes from the Z v (l/(2X'))/Z u (l/2) divided by 
Z j> (l/(2X'))/Z j> (l/2) and is explicitly expressed as 

(I) _ r (X'(N + 2)/2) r ((pl + X'N + 1 + g n , T )/2) 
~ r [(1 + A'(iV + l))/2] r ((p L + A' (AT + 1) + 5 nA )/2) 
r ((p R + 1 + X'(N + 1) + £ T2 , T )/2) r ((p L + Pr + \'{N + !) + !- 5 TUT2 )/2) 
T ((p R + A' (AT + 2) + 5 T2A )/2) T ((p L + pr + AW + 2 - 6 n , n )/2) 

(A.10) 



Similarly, A/"*- 11 -* and A/"*- 111 ^ are expressed as 

-j + 1 + AVj 

-j + A'(^. + l); V Pl + 1-J + AV 



and 



r((pL + A' + 5 TliT )/2)) 



r((i + A')/2)r((p L + i + ^,T)/2)) 

r ((p R + X'(N + 2) + £ T2 , T )/2) r ((p L + pr + A'(iV +!) + ! + <W 2 )/ 2 ) 
T ((p R + X'(N + 1) + 1 + S nA )/2) r ((p L + pr + X'(N + 2) + S n>n )/2) 

(A.12) 

The contribution to A/" (IV) consists ofZ„(l/(2\'))/Z u (l/2) divided by Z i> (l/(2X'))/Z D (l/2) 
from ith row with i G [2, N] and K~(l/ 2 + 1 /(2A / ))/^'( 1 ); 

j + \'(n - ij) \"V / PR+ j - 1 + \>(n - v] + 1) y 



ii^-i+A^-i^+i); v 



PR + J + A'(iV-z/') 
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T ((p R + X'N + 1 + 5 T2A ))/2) r ((1 + X'(N + l))/2) 



X 



r (( PR + \'{n + 1) + 5 T2a ))/2) r ((2 + aw)/2) 



r((p R + A' + <5 r2a )/2) 
r((i + A')/2)r(( PR + i + 5 r2)i )/2)- 1 • ] 

We easily see that My = 1 because the contribution from D{y + ) exactly cancels with 
that from D(u + ). 

( A') 

Appendix A. 2. ipij 

When p R > 0, the columns satisfying k G C u /^ are equivalent to j G J for j G [1, A'], 
and j G [-p R + 1,0]. 

(AM 

When is decoupled into four parts 

»/,(*') = y(I) V (ll)y(W) V (V) 



each part is given, respectively, by 



V® 



r (i + \'n/2) r [(p L ,o - p R + a; + 1 - £ TR , T )/2] 

r ((1 + \'{N + l))/2) r [(p Lj0 - p R + 2 - 5 m , T )/2] 

r [(pl - Pr,o + A- + £ TL , T )/2] r [(p L — p R + 2 — A' — 5 TuT2 )/2] 

r [p L - p Ri0 + 1 + 5^/2} r [(p L - p R + 1 - 5 ri , T J/2] 

(A.14) 

je jV O-Ca'+i / \Pl + A'Ci - (1 - A')/2/ 

y{ iv) = tt r [MCo - 0) + 1 - M/2] r [(Ma - g + 1) + M/ 2 ] 
"* ^r[(A'(Co-iO + i + M/ 2 ] r [( A, (Co-0 + i)-M/ 2 ] 

r[(-p R -A'0 + (A , -l)/2 + 5 (T . > J/2] 



x 



T [(-p R - A'O + (A' + 3)/2 - 5 CT ., T2 )/2] 
r[(-p R -A^ + (5-AQ/2-^, T2 )/2] 

rr[(-p R - A'O + (i - ao/2 + ^., T2 )/2] 



*s>= n ( ^-^v i/A Y "°'(^f) ' (a.17) 



(A.16) 



j<fc 

s.t. j&J,k£l 



(j — Ck J V C? — Cfc + i 



Appendix B. Proof of (1971) 

Here we prove that the subset S of [1, A'] satisfying 

{S C [1, A'] | %{S n odd} = %{S n even}} (B.l) 
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rives nonzero value in 



E 



s.t.u/ /i:h.s. 
n M =A,A+l, m<X 



j<k 



IT 



j- 



(B.2) 



For the case that S has odd elements, any partition with an I = I Q has a counterpart 
partition which has I = I®. Since Yljes a j w ^ n -^o an d that with Iq has an opposite 

sign, and both has the same term about llj<fc (0 — CO CTj<Tfc > contribution from those two 
partition are cancelled. Thus, in the following, the case that S has even elements are 
considered. In this case, since the sum about = A and = A + 1 gives the same 
contribution, we only consider the sum about = A + 1 and finally twice the result is 
equal to (fB~2l) . 

Expanding the product Ylj<k j keA( u j ~ u k) f° r a specific set A, there appear \A\\ 
terms in which each term is the product of Ui with no same index as 



n 

j<k 

j,k<=A 



Uj 



E 



-irn 



u 



i-1 
<r(i)' 



(B.3) 



I -4 1 



where (— 1) CT is the sign of a permutation a with (— 1) CT = 1 for a{i) — \ A\ + 1 — i. 

We introduce the set Q, whose number of the element of is A + 1. The difference 



of the sign of the term u Q 



u 



A-l „,A 



6a- 



between one from 



i t - u k ) n 



ft; 



(B.4) 



j<k 

j,k£QorQ 



with Q = {b , bi,---,b\} and with Q' = {b , ■■■ , b^i, a i3 6 i+1 , ■ ■ • , 6a} is given by the 



product of (— l)tK a »AkA eS '} (permuting aj and bi results in changing Oj or fej G / with 
a« or 6j G J), (— 1)( <t Q _0 'q') + ( '<3 -0 '<3') ) where A means the complementary set of A. To be 
explicitly describe the each case, one can find that 



a i?bi S - 
ai G S,bi £ S or ai ^ S,bi E S 



=> f-l 



)0.i—bi 



(B.5) 
(B.6) 
(B.7) 



Thus the condition that m° wi, 



1A-1 »0 



U 



A-l „,A 



6a- 



appears after the sum about P 



is given by 



ai, bi £ S =>- ^ — bi : odd 
ai <E S,bi S or a, ^ S 1 , 6j G S 



a,- — 6 ? - : even 



(B.8) 



a., 6j G S 



h : odd 



Such terms are multiplied by 2 A+1 after the sum over fi, 2 A comes from the sum over \x 
with n u = A + 1 and the same amount from n u = A. 
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For \S\ = 0, all the terms in (1B.4P with Qq = 1, 3, • • • , A' satisfy above conditions, 
and we obtain 

E II(o-a)^ = 2 A+i n (&-&)• (b.9) 

/tGAjv i<A; i<A; 

s.t.i//|t:h.s. i,fc6Q orQ 
n fl =A,A+l, £n<A' 

For |5| = 2 and S — l,m, if (l,m) = (even, even) or (odd, odd), there are no set satisfying 
( 1B.8j) . When (I, m) = (even,odd), we denote the set made by exchanging I and m in Q® 
by Qs- Then all the terms in ( IB.4I) with Qs satisfy above conditions, and 

e rife - c k )^< = 2*+ i (-i)*'* n (6-4), (b.io) 

B.t.i'/ftih.s. 3,kGQsorQs 
n M =A,A+l, /xi<A' 

where J5 is / for Qs 

4? = 0' e [1, A']| j e {Q v n Q 5 ) u (Q„ n g 5 )} (B.11) 

Here we denote Q v as the set of quasi-holes with spin +1/2. For |,S| = 2n{n G [1,A]), 
(IB. 1 Of) can be applied by taking 

Qs = (S n even) U (S n odd) (B.12) 

for the set S satisfying §(S fl even) = §(S fl odd). To describe sign (— l) /sA5 by Q u and 
Qs, S is related to Qs as S = (Qs H odd) U (Q5 H even), thus 
r-^ysnS _ ^_^^(QsnQ„nodd)u(Q s n0^nodd) 
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